For the further development of plasma based accelerators, phase space matching between plasma acceleration stages and between plasma stages and traditional accelerator components becomes a very critical issue for high quality high energy acceleration and its applications in light sources and colliders. Without proper matching, catastrophic emittance growth in the presence of finite energy spread may occur when the beam propagating through different stages and components due to the drastic differences of transverse focusing strength. In this paper we propose to use longitudinally tailored plasma structures as phase space matching components to properly guide the beam through stages. Theoretical analysis and full 3-dimensional particle-in-cell simulations are utilized to show clearly how these structures may work in four different scenarios. Very good agreements between theory and simulations are obtained.
The invention of accelerator and its continuous development in the 20th century have played very important roles for many aspects of the development of modern science [1] . In particular, today's gigantic accelerators, such as Large Hadron Collider [2] and Linac Coherent Light Source [3] , are the working horse machines pushing the frontiers of our knowledge on the origin of matter and their structures. Due to their sheer sizes, the cost of building these machines are reaching the limits that our society can afford. The pursuing of ultrahigh acceleration gradient and much compact machines has always been an important goal of the accelerator community, and now with the fast progress of plasma based acceleration in the past decade [4] [5] [6] [7] [8] [9] , building very compact high energy accelerators seems to many be within reach. However before this really can happen, several critical issues of plasma accelerators (PAs) still need to be addressed. One such issue is about staging, namely connecting stages of PAs or connecting PA with the traditional accelerator components, as illustrated in Fig. 1 with four typical scenarios. [11] , each stage of PAs has its own driver, and each stage will boost the energy of the witness beam by 10s of GeV. The distance between stages needs to be larger than a meter to place beam transport components for coupling the fresh driver to the next stage. For PAs driven light sources [12] [13] [14] [15] , the high quality electron beam needs to be coupled from the plasma wakes to the traditional accelerator components as shown in Fig. 1(c) . On the other hand, for GeV-level electron beam generation, two-stage PAs have been demonstrated to generate electron beams with high stability and tunability [9, [16] [17] [18] . In principle, by boosting an ultrashort low energy electron beam from a high density (∼ 10 19 cm −3 ) plasma injector in a low density PA (∼ 10 17 cm −3 ), the occupied acceleration phase by the beam is much reduced, therefore leading to a much reduced relative energy spread as the energy is boosted. Recently, external injection scheme in where the relativistic electron beam is generated from the RF-based accelerators is proposed as a high quality beam source to PAs and has been preliminarily studied [19, 20] .
In the above staging scenarios, the beam needs to be coupled between stages with drastic different field strengths. In traditional accelerator science, solenoids and quadrupoles are combined to guide the transverse motion of the particles between stages. However, due to ultra high focusing gradient in the nonlinear plasma wake (G ≡ F r /ecr = n p e/2c 0 , e.g., G = 3 × 10 6 T/m when n p = 10 17 cm −3 ), the quadrupoles whose state-of-art gra- [22] are not strong enough to confine the transverse motion between stages. As a result, beams experience orders of magnitude transverse size variation when propagating between the PAs and the traditional components, and their transverse motion becomes very sensitive to the energy spread: particles with different energy conduct transverse betatron oscillations with different betatron phases, leading to a catastrophic emittance growth as shown in Fig. 2 [23] [24] [25] . Therefore matching of the electron beam between PAs and traditional components without degradation of the beam quality is critical for the further development of PAs.
The transverse normalized emittance which is a figure of merit for the beam quality is defined as n = 1 mc
where represents an ensemble average over the beam distribution, x is the transverse position and p x is the transverse momentum, m the electron rest mass and c the speed of light. To describe the profile of the phase space distribution, Courant-Snyder parameters are introduced as β = x 2 / , α = xx / , γ = x 2 / which satisfy βγ = 1 + α 2 , where x = p x /p z is the particle slope, and = x 2 x 2 − xx 2 is the geometry emittance. The beta function is a measure of the beam size, alpha function represents the correlation between x and x , and gamma function is a measure of the spread in the particle slopes. In typical cases, the C-S parameters of an electron beam in the plasma based wakefield accelerators are It is straightforward to obtain the emittance evolution when an relativistic beam drifts in free space as
is the relative energy spread of the beam, and the geometry emittance remains constant in free space. When the relativistic beam propagates in the focusing/defocusing elements, the emittance evolution is determined by the detailed configurations of the quadrupoles or the field structure in the wake. For simple case where only linear focusing force with constant gradient is present and the longitudinal force is neglected, the normalized and geometry emittance grow and finally saturate at n, [24] , where β F = γ b mc/Ge is the average beta function of the beam in the focusing element. The saturation length which is defined as the emittance reaches its saturation value can be estimated as
Due to the drastic differences of the transverse focusing strength between PAs and the traditional accelerator components, the emittance of the beam grows quickly during transporting if finite energy spread is present. Here we propose to use longitudinally tailored plasma structure to properly guide the beam through stages while maintaining the beam quality. When a driver, intense laser pulse or relativistic electron beam, propagates in the plasma, the plasma electrons are blown out by the ponderomotive force of the laser or the electric field of the charged beam and an ion column is left. If the plasma density variation is adiabatic, i.e., |(1/n p )dn p /dz| k p , the quasi-static approximation is still valid, and the linear focusing force in the ion column is determined by the local plasma density. By carefully tailoring the density profile of the plasma, the electron beam phase space can be transformed into a proper profile to match with the next stage.
When an electron propagates in an ion column, its transverse motion equation is,
where K(z) = gn p (z)e 2 / 2γ b mc 2 0 , and n p (z) is the local plasma density, γ b is the relativistic factor of the electron, g = 1 indicated that there is no electron left in the ion column. Assume the density profile is a function as n p (z) = n p0 l 2 /(z + l) 2 , where 0 ≤ z ≤ L. When k p0 l > γ b /2g, the analytical solutions of Eq. (1) are,
where
, and C 1 , C 2 are the coefficients determined by the initial conditions. Introducing the transfer matrix as
, then the C-S parameters at z = L can be expressed as [26] 
For given initial C-S parameters and targeted matching profile, one can numerically solve Eqs. (4) and (5) to obtain the characteristic parameters l and L of the matching plasma. Due to the intrinsic periodical nature of the betatron oscillation, there are many solutions (l, L) for given (β i , α i , β goal , α goal ), which are corresponding to n 0 + N/2(N = 0, 1, 2, ...) betatron periods. Next, we give particle-in-cell (PIC) simulation verifications of three examples with longitudinally tailored plasma structures to match the electron beam between stages corresponding to Figs. 1(a), 1(b) and 1(c) . First, we consider the matching between a high density plasma injector and a low density PA as shown in Fig. 1(a) . Assuming the plasma densities in the injector and accelerator are n inj = 10 19 cm −3 and n acc = 10 17 cm −3 , respectively. An electron beam with γ b = 200, β i = 33.7 µm, α i = 0 needs to be matched to β goal = 337 µm, α goal = 0. By solving Eqs. (4) and (5) numerically, the parameters of the matching plasma are l ≈ 49 µm, L ≈ 394 µm. We note that the adiabatic condition is satisfied in this density profile.
This matching process is examined using the threedimensional (3D) PIC code OSIRIS [27] in Cartesian coordinates using a moving window. We define the z-axis to be the propagating direction of the drive laser. The simulation window has a dimension of 180k
0 with 900 × 1200 × 1200 cells in the x, y and z directions respectively, where k 0 is the wavenumber of the driver laser. The simulation results are shown in Fig.  3 and good agreements with the theoretical model are obtained.
Next we consider the external injection case as shown in Fig. 1(b) . An electron beam generated from a RFbased accelerator is injected into a PA with n acc = 10 17 cm −3 . If the C-S parameters is not matched with the plasma wake, the emittance would increase as the beam is accelerated in the plasma [24] . It is difficult to match the beam to the PA using the quadrupoles whose gradient is 3 orders of magnitude lower than that of a plasma wake with density 10 17 cm −3 . Similar to the previous example, a longitudinally tailored plasma structure can be designed to match the beam from quadrupoles to the plasma wake. Due to the large simulation scale, 2D simulation results are used here. The simulation window has a dimension of 1600k Next we consider the beam coupling from the plasma accelerator to quadrupoles as shown in Fig. 1(c) . The 2D simulation window has a dimension of 1600k We note that for the coupling between stages as shown in Fig. 1(d) , one can combine the plasma structures in Figs. 4 and 5 to transport the electron beam without degradation of the beam quality.
In conclusion, serious transverse phase space mismatch happens when the electron beam propagates between staging plasma and traditional accelerators, which can induce catastrophic emittance growth in the presence of finite energy spread. We propose to use longitudinally tailored plasma structure to matching the beam through stages. Theoretical analysis and PIC simulations are presented and good agreements are obatined.
